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Abstract. Formalism and numerical code have been elaborated for calculation of hydrogen line profiles
in conditions of plasma in which Stark broadening and fine energy splitting are comparable and it is not
possible to neglect either of them. It corresponds to the range of electron densities 1011 < Ne (cm−3) < 1015.
Lamb shift and spontaneous emission effects have also been included. Computer simulation method was
applied in the calculations. Final results have been compared with experimental and theoretical findings
by other authors.

PACS. 32.70.Jz Line shapes, widths, and shifts – 52.20.-j Elementary processes in plasmas

1 Introduction

Investigation of the Stark shapes of hydrogen spectral
lines is one of the basic problems of the atomic plasma
spectroscopy. The great interest in these problems results,
among other things, from the existence of a possibility
of using half-widths of these lines to simple, and non-
invasive, determination of the electron concentration Ne

in plasma. It is obvious that the more realistic the theo-
retical model of the line profile is, the more precise is this
tool in the Ne measurements. In some applications, how-
ever, the knowledge of the half-width of the line profile
alone is insufficient. For example, in the case of modeling
of the synthetic stellar spectra, knowledge of the complete
line profiles is necessary. In such a type of applications, the
data bases of the theoretical line profile calculations are es-
pecially useful, when the results are presented in the tabu-
lar form. In the past the tables of the hydrogen line profiles
published by Griem [1] (being the numerical result of the
approach proposed in papers by Kepple and Griem [2], or
by Vidal et al. [3]) were commonly used. The numerical
values of the line half-widths placed there are consider-
ably smaller than the measured ones (see Fig. 6). This
discrepancy increases when the electron concentration Ne

in plasma decreases. The main cause of this discrepancy
is neglecting the thermic motion of ions, i.e. carrying out
the calculations within the quasi-static approximation for
ions. A considerably better (compared with the quasi-
static results) agreement of the calculated and measured
hydrogen line profiles is given by the method of model mi-
crofields (MMM) approximation, e.g. [4]. The Stark line
profiles (calculated within this approximation), and the
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convolutions of these profiles with proper Doppler broad-
ening, are published in a tabular form by Stehle [5], Stehle
and Hutcheon [6], and also — in its enlarged version — on
the Internet page dasgal.obspm.fr/˜stehle. In papers:
Gigosos and Cadenoso [7]; Alexiou et al. [8], and Sorge and
Günter [9], it is shown that the numerical values of the line
half-widths, obtained within the MMM approximation
are, however, still smaller than the measured ones. A par-
ticularly clear discrepancy appears in the case of lines with
a strong central component, as e.g. Lyα and Hα. In the pa-
per by Sorge and Günter [9], it is shown particularly that
the simulated autocorrelation function for the ionic mi-
crofield differs significantly from the autocorrelation func-
tion applied within the MMM approach. This discrepancy
seems to point out that the usage of the Markoff-process
formalism within the MMM approach describing the lo-
cal microfield fluctuations in plasma is rather unfounded.
The line profile calculated to-day, using the so-called full
computer simulation method (FCSM) [7], agrees with the
measurements in the best way. The extensive tabular data
on the Stark full-widths at half maximum (FWHM), cal-
culated thereby, were published in [7]. These results agree
very well with the experimental data above some (specific
of each individual spectral line) limiting electron concen-
tration Ne in plasma. For example, for Hα line the limiting
Ne value amounts to about 1015 cm−3. Below this limit an
increasing discrepancy between the theory and measure-
ments appears. In all the above-mentioned calculations
the cause of the appearing discrepancy is neglecting the
contribution of the fine structure effect in formation of
the spectral line shapes. Pastor et al. [10], took a step for-
ward, i.e. calculated, via FCSM, the Stark line profile of
Hα line, taking into account the fine structure effect. We
would like to point out, however, that the Stark line profile
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calculations, taking into consideration the fine structure
effect (but using the simplifying impact approximation
for ions) were carried out for the first time by Stehle and
Feathier [11]. These last calculations agree fairly well with
measurements at very low electron concentrations only,
i.e. at Ne < 1013 cm−3. Within the calculations by Pastor
et al. [10], and Stehle and Feautrier [11], the contribution
of the Doppler effect was neglected. This delimits the pos-
sibility of the experimental testing and of the diagnostic
applicability of these results. The experimental checking
can be done by methods of the free-Doppler spectroscopy
only. Moreover, these results are useful to describe the line
profiles in plasma spectra (when the Doppler effect is not
negligible) only with the additional, simplifying assump-
tion that the Stark and Doppler effects are independent.
(Such a simplification is made when the Stark-Doppler
convolution is calculated.) Within the range of the middle
electron concentrations (1013 cm−3 < Ne < 1015 cm−3),
where both Stark and Doppler mechanisms are compara-
ble, we expect that taking into account the correlations
of these both effects can be necessary and quantitatively
significant. The aim of the present paper is to build such
a numerical code of the hydrogen line profile calculations,
within the framework of which the FCSM approach could
simultaneously take into account the following effects of:

(i) the fine structure,
(ii) the Stark-Doppler coupling,
(iii) the natural width of the line.

A simultaneous taking of all these effects into account is
important and necessary for plasmas of electron concen-
trations 1011 cm−3 < Ne < 1016 cm−3. This Ne range
is principally significant for an interpretation of all the
normal stellar spectra.

2 Theoretical approach

The computer simulation method for computing the spec-
tral line profiles was used for the first time by Seidel and
Stamm [12]. The authors calculated the hydrogen line pro-
file of: Lyα, Lyβ , and Lyγ , taking the Stark and Doppler
broadening simultaneously into account. They carried out
the calculations in two variants, i.e. within the so-called:

(i) exact model,
(ii) µ-ion model.

Within the approach (i) the coupling between the Stark
and Doppler broadening is taken into account. In the
case (i), and in the co-ordinate system connected with
a statistical emitter, the plasma is non-isotropic. In the
approach (ii) — the plasma is isotropic, and the Stark
profile is convoluted with the Doppler profile. However,
approach (ii) demands a simplifying assumption that the
Stark and Doppler broadening mechanisms are statisti-
cally independent one of another. With this simplification,
when calculating the Stark line profile, the ion mass is re-
placed by the “effective” mass µ, equal to the reduced
mass of the emitter-perturbing ion pair. In the case when

the Stark broadening considerably predominates over the
Doppler broadening, the µ-ion model gives correct re-
sults [7,12–14]. Exact calculations have been carried out
also in the frame of the so-called collision time statistics.
Kesting [13] demonstrated that the exact calculations are
well reproduced by the so-called µ∗-ion model. The pre-
dominance of the µ∗-ion model over the exact model [13]
lies in the fact that the µ∗-ion model allows — using the
co-ordinate system attached to a statistical emitter —
treating the plasma as an isotropic medium and, simul-
taneously, the coupling between the Stark and Doppler
broadening is, at least approximately, included. This prop-
erty is very useful in plasma simulation, which will be ex-
ploited in Section 3 of the present paper. In the µ∗-ion
model, in the reference frame attached to the emitter, the
emitter stays at rest and interacts with fictitious ions, to
which the mass µ∗ is attributed, according to the following
relations [13]:

µ∗(u) =
m

g2( u
v0

)
, (1)

and

g(x) =
1
2

exp(−x2) +
√

π

4
(1 + 2x2)

erf(x)
x

, (2)

where m is true ion mass, u is the emitter speed in the lab-
oratory reference frame, and v0 =

√
2kT/m. Within the

classical path approximation and the spontaneous dipole
transition, the line profile formula is as follows:

I(ω) =
1
π

Re
∫ ∞

0

eiωtC(t)dt, (3)

where C(t) is the dipole autocorrelation function. In the
µ∗-ion model the function is as follows:

C(µ∗)(t) = N Tr

{
d(0)

〈
sin(ω0utc)

ω0utc
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〉
u,p

}
, (4)

N = Tr{d(0)d}−1, (5)

where d(0) and d(t) = U−1d(0)U are the dipole momen-
tum operators of the emitter, U is the time development
operator, ω0 is the unperturbed frequency of the radiation
of the transition, at the centre of gravity of the multiplet,
c is the light speed, and symbol 〈...〉u,p indicates the aver-
aging over the emitter velocities and the initial configura-
tions of ions and electrons. If plasma-emitter interactions
are limited to the dipole approximation, the time devel-
opment operator U will obey the following form of the
Schrödinger equation:

i�U̇ = (H − d · F(t))U, (6)

where H is the Hamiltonian of the isolated emitter,

H = H0 + HFS + HLR − iΓ (7)

consisting of: the fine structure (e.g. [7])
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the Lamb shift HLR, and the natural width of the en-
ergy level Γ . Symbol F(t) represents the uniform electri-
cal field produced by ions and electrons at the position of
a given emitter. The remaining symbols have the conven-
tional meanings. The Pauli functions have been used as
basis to solve the Schrödinger equation, defined by equa-
tion (6):

Ψnljmj =
1√

2l + 1
Rnl(r)

×
(±√l ± mj + 1/2Yl,mj−1/2(θ, φ)√

l ∓ mj + 1/2Yl,mj+1/2(θ, φ)

)

for j = l ± 1/2, (9)

being the solution of the timeless Schrödinger equation

(H0 + HFS)Ψ = EnjΨ, (10)

where

Enj = −Ry
(

Z

n

)2

− α2Ry
(

Z

n

)4 [
n

j + 1/2
− 3

4

]
. (11)

Finally, the eigenvalue of the isolated hydrogen atom in
the state |n, l, j, m〉 , can be written as follows:

Enljmj = Enj + ∆Enl − iΓ, (12)

where ∆Enl is the Lamb shift (we take that from
Ref. [15]), and

Γ =
�

2τnljmj

, (13)

where τnljmj — the lifetime of the emitter in the quan-
tum state |n, l, j, m〉. Of course, the off-diagonal matrix
elements of the HRL and Γ operators are equal to zero.

When we assume that the emitter velocity in equa-
tion (4) equals zero, u = 0, then the autocorrelation func-
tion C(µ∗)(t) reduces to the Stark autocorrelation func-
tion C

(µ∗)
S (t). Please notice that in this limit (important

for Doppler free spectroscopy) u is still different from zero
in equation (1), so now the emitter stays at rest in the
laboratory reference frame, but it is perturbed by ficti-
tious ions, whose mass is obtained from equation (1). The
function obtained in this way differs from the Stark auto-
correlation function C

(µ)
S (t) of the µ-ion model. This first

function is formed under the perturbations by ions, the
mass of which is defined in each individual initial configu-
ration. In the µ-ion model, however, in all configurations
the ion mass is the same, equal to the reduced mass of
the ion-emitter pair. The autocorrelation function C(µ)(t)
of the µ-ion model can be calculated as a product of the
autocorrelation function C

(µ)
S (t) and the Doppler autocor-

relation function CD(t), i.e.:

C(µ)(t) = C
(µ)
S (t) × CD(t), (14)

where
C(µ)(t) = N Tr{d(0) · 〈d(t)〉p}, (15)

and
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2
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(16)
where uo =

√
2kT/M , and M is the emitter mass.

3 The full computer simulation method

In the frame of the above-mentioned µ∗-ion model we per-
formed calculations of Lyα, Lyβ , Hα , Hβ , Hγ , and Pα

line shapes using our own method — FCSM. The applied
method is described in detail in paper [16] and in the
Ph.D. thesis by Olchawa [17]. Some additional comments
concerning the FCSM may also be found in reference [18].
Therefore, below only a short description of FCSM is
given. Because within the µ∗-ion model the plasma is
isotropic, we accepted that the statistical emitter inter-
acts only with perturbers (electrons and ions) occurring
within the sphere of the radius of Rmax = 3D (D — the
Debye electronic radius). In the centre of the sphere a
stiff ball (with the radius of Rmin = (3/2)a0n

2
i ) is placed,

which represents the emitter, the perturbers are reflected
at this ball according to the classical reflection law. (The
symbol a0 is the Bohr radius, ni — the principal quan-
tum number of the upper energetic level of the transition.)
The electron and ions (the latter of mass µ∗) are moving
along straight trajectories, with velocities generated (ran-
dom sampling) according to the Maxwell distribution. A
perturber escaping the defined plasma volume is replaced
by “new” perturber of the same velocity value as that of
the escaping one, but with a random spatial orientation.
The number of the initial configurations of the perturbers
amounted to 500–1000. The Schrödinger equation, equa-
tion (6), has been solved using the Fehlenberg adaptive
stepsize method. The calculations have been carried out
within the non-quenching approximation. Because the aim
of the present paper is to examine subtle effects, check-
ing the numerical noise is of substantial importance. To
this end the calculations were done in two variants —
but in the same physical conditions — using: (i) the com-
plete Hamiltonian H given by equation (7), and (ii) the
Hamiltonian H0 in which all subtle effects are omitted.
In references [19,20] it is shown that in the second case
the imaginary part of the autocorrelation function equals
zero, Im[C(µ∗)(t)] = 0. Thus, the numerical deviation of
Im[C(µ∗)(t)] from zero is a measure of the numerical noise
within our calculations. In Figure 1 the autocorrelation
functions, corresponding to both above variants, are pre-
sented as examples. Comparing the curves in Figure 1 we
can see that in the relevant physical conditions of plasma
the effects, investigated in the present paper (i.e. the fine
structure effect — the leading effect amongst the exam-
ined ones, the Lamb shift, and the natural broadening),
substantially contribute to the formation of the autocor-
relation function of Hα line. At the same time, comparing
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Fig. 1. The real and imaginary parts of the Stark autocorre-
lation function of the Hα line, calculated in the µ∗-ion model:
(a) taking into account the fine structure, the Lamb shift, and
the natural splitting, and (b) neglecting these effects. The cal-
culations have been performed for the following physical con-
ditions of plasma: T = 10 kK, Ne = 1013 cm−3.

the imaginary parts of the autocorrelation functions, we
see that the level of the numerical and statistical noise is
smaller at least by two orders of magnitude than the nu-
merical values of the calculated functions. So, our numer-
ical code FCMS of the line shape calculations is perfectly
able to take very subtle contributions into account, and,
therefore, may be confidently used for investigating the
effect being the subject of interest in the present paper.

4 Results and conclusions

Within the theoretical model, formulated in the present
paper, we carried out the line profile calculations for Lyα,
Lyβ, Hα, Hβ , Hγ , and Pα in the range of the following
electron concentration 1011 cm−3 < Ne < 1017 cm−3. For
the graphical presentation the Hα line was chosen as an
example. We chose this example because of two reasons:
firstly — the fine splitting (FS) of the Hα line is the great-
est and, secondly — for this line the experimental data in
the physical conditions in which FS has substantial im-
portance, are accessible in the literature on the subject.

In Figure 2 an evolution of the Hα line shape, calcu-
lated within the µ∗-ion model, is shown as a function of
the physical conditions of plasma. In these calculations
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Fig. 2. The evolution of the calculated (without contribution
of Doppler effect) Hα line shape changing the electron concen-
tration Ne.

the contributions due to the Stark broadening, the natu-
ral broadening, and the Lamb effect have been taken into
account, whereas the Doppler effect has been omitted. We
can see that when Ne diminishes, the line shape changes in
such a way that FS becomes more and more visible. Often
line width is defined in a different way for the case when
the fine structure components are visibly separated and for
the case when they overlap. We have used the following
rule: comparing our line widths with experimental ones,
for determining numerical value of line width, we apply the
same parameter as that defined in the experiment under
consideration. In reference [21] the numerical values of the
line widths of Hα, measured using the Doppler free tech-
nique, are collected. In the physical conditions of plasma
in the experiment [21] the line profiles have shapes similar
to that in Figure 2b, i.e. strongly marked two FS compo-
nents. In paper [21] two Lorentz profiles were matched to
such a two-peak shape, assuming the same half-widths w
of both line components; the value of w is understood as
half-width of the Hα line profile. In case of the measure-
ments [22] (Stark and Doppler) the typical definition —
the full width at half maximum (FWHM) — was used. In
Figure 3 the numerical values of the line widths of Hα: the
ones calculated by us and those measured, are compared.
Our theoretical results agree very well with the measure-
ments by Ehrich and Kelleher [22]. Comparing these with
the data of the experiment [1] we see a discrepancy of 25%.
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Fig. 3. Comparison of the calculated and measured line
widths of Hα. The marks represent particular measurements:
the full circles Weber et al. [21], the open circles Ehrich and
Kelleher [22]. The lines represent our theoretical results.
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Fig. 4. Comparison of the calculated and measured line pro-
files of Hα. The open circles the measurements by Ehrich and
Kelleher [22]; the lines represent the calculations: the dotted
line Stehle [5], the dashed line corrected Kepple and Griem
results, the solid line our results.

This discrepancy is still contained within limits of the ex-
perimental errors, given by the authors of reference [22].

Figure 4 presents, as an example, a comparison of the
Hα line profiles: the measured one [22] and that calculated
in the present paper, as well as calculated in other papers
accessible in the literature of the subject. As we see, the
agreement of our calculations with the measurements is
excellent. We would like to point out that in the quasi-
static approximation for ions performed by Kepple and
Griem, in which the results (from Fig. 4 and subsequent
ones) were obtained, the so-called interference term in the
impact operator for ions has been corrected. After this
correction, the results [3] (quasi-static approximation for
ions and unified theory for electrons) almost adjust them-

Fig. 5. Comparison of the line profiles of Hα, calculated within
the present paper: the solid line µ∗-ion model, the dashed line
µ-ion model.

 

Fig. 6. Comparison of the calculated (without Doppler con-
tribution) half widths of Hα line, as functions of the electron
concentration Ne.

selves to the corrected results of the type of Kepple and
Griem.

In order to estimate the importance of the Stark-
Doppler coupling effect, in Figure 5 we compare the line
profiles of the Hα, calculated within the µ∗-ion model
(Stark-Doppler coupling) and the µ-ion model (Stark-
Doppler convolution). The coupling effect strongly influ-
ences the line shape in its central part only; at the same
time it changes the FWHM value insignificantly (at the
most by 5%).

A comparison of the line widths of Hα (without
Doppler contribution) calculated in the present paper and
the ones calculated by other authors, is presented in Fig-
ure 6. We point out that at Ne < 1013 cm−3 our re-
sults pass smoothly into the results obtained by Stehle
and Feautrier [11] within the impact approximation for
ions. Similarly, at Ne > 5 × 1014 cm−3 our results pass
smoothly into FCSM results obtained by Gigosos and
Cardenoso [7]. This means that our theoretical model (as
well as our numerical code) works excellently, irrespective
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Fig. 7. Comparison of the half widths of the line profiles of Hα,
calculated within the present paper alternatively: with (full
marks) and without (open marks) Doppler contribution, as
the functions of the electron concentration Ne. The diamonds
represent w parameter according to definition from [21].

of the electron concentration Ne in plasma. On the basis
of Figure 6 we conclude that at Ne < 5 × 1014 cm−3 the
contribution of FS to the line width of Hα must be taken
into account. We point out also that the FWHM values
resulting from MMM approach are slightly, but system-
atically, smaller than the results obtained by us and in
reference [7]. It seems that this discrepancy results from
differences between the fluctuations of the ionic microfield
in real plasma and those assumed within the stochastic
model, respectively. Finally, the reason for the observed
great discrepancy between the results of our code and the
approximations by KG and VCS (Refs. [2,3]) is complete
omission of the ion dynamics within KG and VCS ap-
proaches.

The Hα line widths, calculated in the present paper
with and without Doppler contribution, are compared
in Figure 7. We see particularly that in the case of the
Hα line emitted by plasmas in the physical conditions:
T = 10 kK and Ne < 1014 cm−3, the Doppler effect is
the predominant one. Furthermore, one can define a lower
limit, Ne ≈ 1015 cm−3, above which the methods of Ne

determination from the line-width measurements may be
used confidently. An analogous (as in Figs. 6 and 7) anal-
ysis of the obtained results has been carried out for the
spectral lines: Lyα, Lyβ , Hβ , Hγ , and Pα. The numerical
results of that analysis are gathered in Table 1.
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